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| ABSTRACT

This paper deals with branch-and-bound algorithms to solve the flow shop scheduling problem to obtain a
minimized multi-objective function under a fuzzy environment. Where the processing time is a triangular fuzzy
number, the objective of this paper is to obtain an optimal sequence to fuzzy-minimize total weighted tardiness
time, so we used three upper bounds and two lower bounds in a branch-and-bound algorithm on two machines.
And also compared the branch-and-bound and complete enumeration methods, and compared results with the
complete enumeration method in terms of processing time in a MATLAB program and the number of nodes.
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1. Introduction

In this paper, we will solve fuzzy multi objective function define by fuzzy minimized total weighted tardiness time in
flow shop by using exact methods, the important history of this felid started from Zadeh [**] proposed the idea of
fuzzy set theory in 1965, McCahon, C. S., & Lee, E. S. [1990] was studied in job shop production systems, those
ambiguous work processing times are represented by triangular and trapezoidal fuzzy numbers. The focus [Focus,
n.d] was to solve the makespan in TFN flow shop by comparing two local search methods. Ishibuchi, H., Yamamoto,
N., Murata, T., & Tanaka, H. [1994] used Genetic algorithms and neighborhood search algorithms to solve NP-hard
problems in fuzzy flow shop scheduling problems. Hong, T. P., & Wang, T. N. [1999] used Palmer's heuristic method
for fuzzy processing times. Hong, T. P., Huang, C. M., & Yu, K. M [2000] where a multi-objective function is defined
by minimizing tardiness time in the fuzzy flow shop problem. Yeh, W. C. [2001] used a simple algorithm for multi-
stage flow shop scheduling problems with fuzzy processing times to solve an NP-hard problem defined by
minimizing maximum completion time. Wang, L., & Zheng, D. Z. [2003] used an effective hybrid heuristic for flow
shop scheduling with fuzzy processing times. Behnamian, J., & Zandieh, M. [2011] used a discrete colonial
competitive algorithm for fuzzy multi-objective high-tech sequence-dependent setup time flow shop scheduling.
Khalili, M., & Sahebjamnia, N. [2012] solved a bi-objective function defined by minimizing the maximum lateness
time for fuzzy flow shop scheduling problems. Engin, O., & Guclu, A. (2018) found a new hybrid metaheuristic for
fuzzy hybrid flow shop scheduling problems. Gao, J. X.,, & Wang, L. (2020) used a hybrid genetic algorithm with local
search for solve a fuzzy objective function defined by minimizing tardiness time in the flow shop scheduling
problem. Castaneda, J., Martin, X.,, Ammouriova, M., Panadero, J., & Juan, A. (2022) studied A fuzzy simheuristic for
the permutation flow shop problem under stochastic and fuzzy uncertainty. Mathematics. Utama, D. M., Primayesti,
M. D., Umamy, S. Z,, Kholifa, B. M. N., & Yasa, A. D. [2023]. In order to identify the trend of energy-efficient HFSP
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research and research gaps for future research interests, this study offers a thorough assessment of works that
address energy-efficient HFSP scheduling.

2. Triangular Fuzzy Number [McCahon, 1990]
Let A = (a,,a,,a3) is a triangular fuzzy number where a,is the lower limit and asupper limits. The membership
function uz(x), x € R* defined by

( 0 ify<a
| Xx-&% .
ifa,<xy<a,
7 a, — a4
A(X)z{ az — x ,
I m ifa,<y<a;
k 0 ifaz <y

2.1 Fuzzy Arithmetic Rule [Hong, 2000]
Let us have two fuzzy triangular numbers. M? = (m,,m,,m3) and N° = (ny,ny,n3)
e Fuzzy addition (M? + N°) = (m + ny,m;, + n,, m3 + ny)
e Fuzzy subtraction (M? — N%) = (m; — n;,m, — n,, m; — n3)
e Fuzzy Max (max(M°,N°) = (max(m,,n,), max(m,,n,), max(ms,ns))
e Defuzzification h(M?) = w
3. Problem Formulation
Let the problem of scheduling n-jobs of a flow shop to minimize total weighted tardiness time, where the
processing time is p; is a triangular fuzzy number (TFN). The problem is formulated as:

F2 /pj = TFN / Yw;(Tj)subject to :

Ci=p; j=1.2,..n

C; = Cj_y + By j=2,3,...n P
T, > C —d j=2,3,.n

T, >0 j=123,..0

4. fuzzy branch and bound algorithms

A branch and bound algorithm for the three-machine flow shop scheduling problem. In the first step, we used the
average high ranking (AHR) to convert a triangular fuzzy processing time to a crisp number. The problem appeared
as a tree of nodes, and each node has the possibility to issue a partial sequence. The lower bound of each node
determines the best partial sequence; after calculating the lower bound, we chose the lowest lower bound of the
node. We continued the procedure till the best one was found. At least one job is scheduled. The objective of this
algorithm is to find an optimal sequence.

5. Upper bound NEH (Tardiness Heuristic) Or Constructive Heuristic
This upper bound can be computed by the following algorithms:

¢ Initial Order: sort Jobs in non-increasing order as
Wi
S Pk
e Sequential Insertion: Sort the first two jobs in the order that results in the lowest overall weighted
tardiness. For task k = 3... n: Add job k to each of the partial schedule's k potential roles. Maintain the order
that reduces the partial schedule's overall weighted tardiness.
¢ Upper bound Calculation: after computing the C; we get
n

UPl = W,-max(O, Ci,m - dl)
i=1
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Example (1)
Consider 3-jobs available on two machines, and each job has a triangular fuzzy processing time; we calculate an
upper bound as follows:

jobs 1 2 3
M1 (34,5 (4,5,6) (1.2.3)
M2 (6,8,10) (4,6,8) (8,10,12)
dj (6,8,10) (4,6.8) (8,10.12)
w; (1,2.3) (2,34) (1,1,2)

Solution

Step 1: Create the initial job priority index by converting the ambiguous integers into accurate values.

Then we get

For Job 1:h(P7, + P7,) = 7,h(w{) = 2
h(Dy) = 8 then I, = — = 0.035

For job2: (P, + P5,) = 7,h(wg) = 3
h(Dg) = 6 then I, = ——=0.071

For job3: h(P§, + P§,) = 7,h(w§) = 1,2

2

h(DS) = 10 then I = —— = 0.0.025

Step 2: Assess the Initial Two Jobs (2,1). Use fuzzy schedule rules to compare sequences (2,1) and (1,2).

1
5x10

Now we are testing the sequence (2,1)

For job 2
Cza:l = on:l = (1,2,3)
Cza:l + PZO:Z = (5,7,9)

h(w{’)

I =
l h(Pi(,Tl + Pi‘,rz)-h(Df)

T7 = max(0%,(5,7,9) — (4,6,8) = (0,1,5))

Then the cost of sequence =(0,6,22)
For job 1

€3, =P, =(357)

C,+ P, = (8,11,14)

T¢ = max(0°, (8,11,14) — (6,8,10) = (0,3,8))

Then the cost of sequence =(0,6,26)

The total cost for jobs (2,1) equals (0,6,22)+(0,6,26)=(012,48)

The final cost

0+2(12)+48

=18

Now we are testing the sequence (1,2)

Step 3:

For the same methods, the total cost is equal (0,0,12)+(0,18,64)

0+2(18)+64

The final cost =25

The best sequence (2,1)

Put job 3 in Every Position Test, adding job 3 to the three potential sequence places (2,1), we get

The first position: (3,2,1)

The total cost (0,0,0)+(0,12,36)= (0,12,39)

0+2(12)+39 —307

The second position (2,3,1)
The final cost =21.7

The final cost
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e The third position (2,1,3)
The final cost = 18.5
Then the best sequence is (2,1,3)
We get the UP, = 18.5

6. Lower Bound
This upper bound can be computed by the following algorithms:

Step 1: find crisp weighted shortest processing time

PP = P? + P7, with w{ for each job

h(w")

h(P?)

Step 2: determine weighted shortest processing time by sorting non-increasing Rat(wy)
Step 3: Find the fuzzy C/, for the (WSPT)

Step 4: compute F2 /pj = TFN / Yw;(Tj) to find the lower bound

Rat(wf) =

Example 2
Consider 43jobs available on two machines, and each job has a triangular fuzzy processing time; we calculate a
lower bound by the following:

jobs (2,14 (2,4,3) (1,2,6)
M1 (1,2,4) (2,3,5) (4,1,5
M2 (2,34) 4,1,2) (2,3,5)
dj (2,3,5) 4,3,2) (1,3,5)
Wi (1,2,3) (1,5,7) (3,1,6)
Solution:
Step 1:
e Job1
Pf=Q+1,1+24+4)=(338) =h)
h( U) 1+2(2)+3 -2
Rat(w?) = % =2=0.66
e Job2
Py =(2+24+33+5)=(478)=h(P?)
h(w”) _ 1+2(5)+7 _ — 45
Rat(wg) = 2((‘;/0)) 475 = 0.64
e Job3

P =(14+42+16+5)=(5311) = h(P?)
h(WU) _ 3+2(1)+6 =275
=2

=091

Rat(w§) =

h(P") 3
Step 2: sort non- increasing for Rat(w{)

Rat(w§) > Rat(wf) > Rat(w?)

The sequence (3,1,2)
Step3: Find the fuzzy C?, for the (WSPT)
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jobs (1,2,6) (2,1,4) (24.3)
M1 (4,1,5) (1,24) (2,3,5)
M2 (2,3,5) (2,34) (4,1,2)
Dj (1,3,5) (2,3,5) (4,3.2)
Wi (3,1,6) (1,2,3) (1,57)

Job3: In machine 1:C§; = P{; = (1,2,6)
Inmachine2:C§, =Pf; +C{; = (1+42+16+5)=(5311)
Job 1: In machine 1:CY; = C§, + PP, = (1+22+ 1,6 +4) = (3,3,10)
In machine 2 : €7, =P{, +C§, = (5+2,+3+3,11+4) = (7,6,14)
Job 2: In machine 1:C5, = C7; + P7; = (3+3,3+4,3+10) = (6,7,13)
In machine2:C7, =P7,+C{, = (4+71+6,2+14) = (11,7,16)
Step 4: compute the upper bound of the multi-objective function F2 /pj = TFN / Yw;(Tj)
T = max(0?,C?, — D7)
For job3: T = max(0,(5,3,11) — (1,3,5) = (4,0,6)
For job1: T¢ = max(0, (7,6,14) — (2,3,5) = (3,3,9)
For job2: T¢ = max(0, (11,7,16) — (4,3,2) = (7,4,14)
Now (w? x T?)
For job 3:(4,0,6) x (3,1,6) = (12,0,36)
For job1:(3,3,9) % (1,2,3) = (3,6,27)
For job 2 (7,4,14) x (1,5,7) = (7,20,98)

Now we find fuzzy F2 /pj = TFN / Yw;(Tj)

LB= (12,0,36) + (3,6,27) + (7,20,98) = (22,26,161)
§_ 22+2(26) +161

2 = 58.75

7. Computational results

In this paper, we used MATLAB code to compare a branch-and-bound method and a complete enumeration
method, from which we measured the processing time in MATLAB, and also compared the lower bounds of a
branch-and-bound method. In the below used computer core i7 and CPU @2.40GHSs to run MATLAB R2025a, where
n = 3,4,5,6,7,8 as follows:

n: no. of jobs,

Ex: no. of examples,

Opt (BAB): The optimal value of the function using (BAB) branch and bound

Opt (CEM): The optimal value of the function using (CEM), the complete enumeration method.

NOD: Number of nodes

Time: The execution time of the problem (in seconds).
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Table (1) compares CEM and branch and bounds

n EX | CEM TIME UB LB TIME NOD
3 1 77334 0.012 78.860 77334 0.015 8
2 83.235 0.009 89454 83.235 0.025 10
3 75.123 0.067 75.980 75.123 0.051 14
4 98437 0.012 100.769 98.437 0.023 10
5 103.650 0.101 106.656 103.650 0.067 17
4 1 193.349 0.033 197.656 193.349 0.090 42
2 204.44 0.123 209.544 204.44 0.093 54
3 350.454 0.322 370.655 350.454 0.101 68
4 187.879 0.223 190.544 187.879 0.121 72
5 111.431 0.223 112.334 111.431 0.092 48
5 1 202.980 0.675 206.554 202.980 0.345 209
2 195.769 0.342 195.901 195.769 0.409 304
3 308.933 0.443 330.233 308.933 0.325 204
4 206.554 0.332 209.433 206.554 0.301 201
5 401.454 0.233 442433 401.454 0.201 130
6| 1 304.445 2.332 308.677 304.445 0.298 185
2 196.345 2.390 201.445 196.345 0.299 177
3 314.564 3.432 360.544 314.564 0.204 195
4 501.876 1.233 556.545 501.876 0.301 205
5 309.877 2.344 350.554 309.877 0.133 105
7 1 609.550 12.334 680.453 609.550 99443 967
2 640.654 14.233 701.330 640.654 98.344 913
3 569.556 15.554 602.334 569.556 7.335 1006
4 501.565 21.344 502.344 501.565 12.345 1102
5 401.445 25332 415.553 401.445 11.334 1001
8 1 1023434 109.223 1102.110 1023.434 120.222 2020
2 980.454 123.334 103.444 980.454 109.233 1190
3 1205.454 154.332 1309.443 1205.454 109.22 1204
4 1103.345 130.442 1120.444 1103.345 111.233 1402
5 1309.334 165.443 1401.330 1309.334 106.332 1930

8. Conclusion

The two machine fuzzy flow shop is solved by using branch and bound method for the lower bound using some
algorithms and upper bound by use NEH to solved NP-hard problem (P) of multi objective function under
triangular fuzzy number with compare the result with the complete enumeration method by using coding of
MATLAB where n > 8 through the table (1).
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