ISSN: 3078-8927

DOI: 10.61424/gjms BLUEMARK PUBLISHERS
Journal Homepage: www.bluemarkpublishers.com/index.php/GIMS

Global Journal of Mathematics and Statistics G ] M S

| RESEARCH ARTICLE

Construction of Minimum Level Change, Linear Trend Free Fractional Factorial Designs
using Projective Geometry

Poonam Singh’, Puja Thapliyal’ & and Veena Budhraja®

"Department of Statistics, University of Delhi, Delhi

2Department of Statistics, University of Delhi, Delhi. 1710007

3Department of Statistics, Sri Venkateswara College, University of Delhi, Delhi
Corresponding Author: Puja Thapliyal, E-mail: pujathapliyal98@gmail.com

| ABSTRACT
Globally minimum level change and linear trend free fractional factorial designs are constructed using the distinct
points of Projective Geometry and the technique given by Chen and Wang (2001).

| KEYWORDS

Projective Geometry, Trend free designs, Minimum level Change design

| ARTICLE INFORMATION

ACCEPTED: 12 October 2025 PUBLISHED: 01 December 2025 DOI: 10.61424/gjms.v2.i1.511

1. Introduction

One of the basic principal in designing an experiment is randomization. However in some situations randomization
can have significant impact on the efforts and cost of the experimentation, as there may be factors that are difficult
to change (e.g., changes of mould) or that require stabilization time to obtain adequate operating conditions (e.g.,
the temperature of an oven). Another situation where randomization may lead to undesirable run order is when the
factor effects are aliased with the time trend. For example, if a batch of material is created at the beginning of an
experiment and treatments are to be applied to experimental units formed from the material over time then there
could be an unknown effect due to the aging of material which influences the observations obtained. Thus, it seems
reasonable to consider systematic run order in which the factors with expensive or difficult to vary levels are
minimally varied during an experimentation and the desired effects are orthogonal to the unknown trend.

The study of such systematic designs was initiated by Cox(1952), Daniel and Wilcoxon(1966) and further studied by
Bailey(1983) and Cheng and Jacroux(1988). They did not consider the number of factor level changes. Coster and
Cheng(1988) gave GFS to generate  systematic run orders for systematic factorial plans. The minimum cost run
order for fractional factorial experiments with all factors in s levels, where s is a prime is given by Chen and Wang
(2001). They first constructed ordered s-level orthogonal arrays since all the main effects are estimable in an
orthogonal array, and assigned factors to appropriate columns with a smaller number of level changes to get a
design with global minimum cost run order using Generalised Foldover Scheme, given by Coster and Cheng(1988).
Chen and Wang(2001) also mentioned the problem of obtaining appropriate defining contrasts for finding optimal
run orders. They used a three step procedure to obtain a saturated ordered q-level orthogonal array and then
assigned factors to the appropriate columns to obtain a design with the global minimum cost run order.
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Attribution (CC-BY) 4.0 license (https://creativecommons.org/licenses/by/4.0/). Published by Bluemark Publishers.
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Construction of minimum level change, linear trend free fractional factorial designs using Projective Geometry

In this paper, we construct (i) globally minimum level change fractional factorial designs and (ii) linear trend free
globally minimum level change fractional factorial designs, using the points in Projective Geometry and the
assignment procedures given by Chen and Wang (2001). Once the designs are constructed, their defining
relationships are also obtained. This overcomes the problem of obtaining appropriate defining contrasts for optimal
run orders. The paper is organized as follows. Section 2 gives the preliminaries required. The construction technique
for minimum level change design is given in Section 3. Section 4 gives the construction method for the designs
satisfying the dual criteria of minimum level change and trend free property.

2. Preliminaries

Definition 1: Ordered Orthogonal Array

An orthogonal array OAn(q") is an Nxr matrix containing r, g-level columns in which all possible combinations of
levels in any two columns appear the same number of times, where N = g for some integer k. If k = (N-1)/(g-1)
then an array is called a saturated orthogonal array.

An orthogonal array is an ordered orthogonal array if its factors are assigned in increasing order of their level
changes. In an ordered two level orthogonal array , the i" column changes its symbols i times, either from 0 to 1 or
from 1 to 0, where 0 and 1 denotes the two levels in the array.

Definition 2: Projective Geometry PG(R,q)

0.%1,%2r = @g-1Any ordered set of (R+1)

Let g be a prime or prime power, then GF(q) contains g elements say @
elements (*oX1%2 -+ %R) where x;'s belong to GF(g) and are not all simultaneously zero is called a point in
PG(R,q). The total number of points in PG(Rq) is qR*'—1. The elements *o'*1:%2:+%g are called the
coordinates of the point (For*1s *2rr xRy Two sets For¥1r X2s-:%g) and For¥1s Yoo ¥r) will

represent the same point if y; =? x;(i= 0,1,2,...R)and  p#0eGF(q). The total number of distinct
qR+1_

points in PG(R,q) is Qg = since apart from 0 and 1 there are (g-1) possibilities for p. Thus, the geometry

q-1 '

PG(R,q) has qR:l_l distinct points.

Definition 3: Generalised Foldover Scheme

Coster and Cheng (1988) introduced Generalised Foldover Scheme to generate systematic run order for factorial
plans.

For a factorial design (g¥), k = n-p, LetU, be a 1xn matrix of zeros. Then the run order of design D produced by
the GFS with respect to the generator sequence G= ‘&1 &d2: -+ 8%/ is given by U, where

Ui
Ui-1(9:)
?

Ui-1((g —Dgy)

Uy = Ui_,(g) =

for i=12..k

In the run order Uy.p, the principal block consists of the first  g" P runs, the second block consists of the next g" "
runs and so on.

Definition 4: Time Count

= T T T f . = f
et ¥ =02+ ¥5)" denote the ordered vector of observations, and Lz (1%,2%, . N7) for x= 0,1,2,...v

be an Nx 1T vector of trend coefficients and let a; be the contrast for main effect Ay 1=L2,.,m iy the run
order. Then the quantity a;T, is known as the time count for main effect A4;.
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A necessary and sufficient condition for a main effect contrast a to be v-trend free is that

aT,=0 Vx=0,12,..,v )

When the assumption of trend effect of different factors of the design is also considered,

The model is

y=XB+By +TO+¢

Where y isthe N x 1 column vector of observations, X is the Nx n design model matrix of known constants; B
is the nx1 column vector of regression coefficients and e is the Nx1 column vector of random errors with zero
means and variance o> and , T = ()nx1; tis (b x 1) the linear trend vector and 6 is the trend coefficient.

Definition 5: Optimal run order

A run order is optimal for the estimation of factor effects of interest in the presence of nuisance v- degree
polynomial trend if

X'T=0 (2)

A1. Minimum Level Change Design
Chen and Wang (2001) proposed the following assignment procedure to construct the global minimum level

change designs.

Assignment procedure I: Resolution Ill g-level fractional factorial experiments

A global minimum cost run order for a resolution I, g- level fractional factorial design with n factors and (N/q -1) /
(g-1) +1< n < (N-1) /(g-1), can be constructed by selecting the first n columns in the ordered OAN(Q™ /@) If t <
n < (N/q -1)/(q-1), then the columns Xy, (9-1)X1+ X5, (9-1)X3+X3,...(Q-1)Xk_1+X), are selected and from the
remaining columns first n-t columns in the ordered orthogonal arrays are selected for a design with the global
minimum cost run order.

Assignment procedure II: Two-level fractional factorial experiments with specified requirements

Consider a two-level fractional factorial experiment with n factors A; As.....4, and m(<n)2-way interactions
involvingA,, say A;A;. 434z, ... A; 4.y . let N/2 £ n < N-1-m. First assign 4; Az.... Ap41 to columns N/2, N/2 -
1,... N/2 = m in the ordered two level orthogonal array. The would give columns N-1, N-2, , N-m to 2-way
interactions. Then, assign the remaining factors to the remaining columns with smaller number of level changes.
This would result in @ minimum cost run order.

When t < n < N/2, then assign A; to column X,_{+X,. To assign remaining factors select n-1 columns as
X, X1+X5,X,+X3,...X,_,+X, 4. Then pick n-t more columns with smaller number of level changes from the
remaining columns in the orthogonal array. After n-1 columns are selected, randomly assign factors A,,...A, to
them. These n assignments give a design with the global minimum cost run order.

3. Construction of Minimum level change designs using Projective Geometry
We construct the minimum level change designs using distinct points of Projective Geometry PG(R,q) and the
assignment procedures given by Chen and Wang (2001).

R+1_
Let k= qq__11 denote the total number of distinct points in PG(R,q). We first consider the case of construction of

two- level fractional factorial design.
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All. Construction of two- level fractional factorial design
We use the following steps for construction of 2"P designs

Method of Construction)(l)

1. Consider the distinct points of PG(R,2) and these are
k = 28*1 — 1 in number.

2. Write these points of PG(R,2) column-wise to form a
Matrix Z = (z;) Then Z is of order txk where t= R+1 and
k= 2R+1 — 1,

3. Obtain the generator matrix G= (g4 g2 -.- --- G+)' by applying the following transformation (Chen and Wang
(2001)) on the rows of Z
91=21, 9i= Z; —Zj_4 For 2<i<t (3)

4. Construct a saturated ordered array A = OAn(2Y), where N= 2! by applying GFS on the generator sequence
g1 Gz. - g: Where g,(i=1,2,...t) denote the i row of the matrix G.

5. In an ordered two- level orthogonal array the i"" column changes level symbol i times. Therefore the number of
level changes (NLC) for the i" column X;of A, an ordered orthogonal array, is (NLC)y; = i.

6. For specific values of n we have the following procedures:

Case (i): Forn > N/2, t=n-p, m < N-1-n, a 2" fractional factorial design can be constructed by considering m(<
t-1) two way interactions involving single factor A, say, AiA; .....A1Am+1 and applying assignment procedure ||
discussed in Section 2.1. i.e, assigning A1, A,,......... Ams1 to the columns N/2, N/2-1,...N/2-m in the array A, the two-
way interactions to the columns N-1,N-2,., N-M and the remaining columns in order of increasing number of level
changes.

Case(ii): For n < N/2, we apply assignment procedure Il as discussed in section 2.1 i.e. assigning A; to
column X,_,+X, and for the remaining factors, select n-1 columns as X,, X; +X,, X, + X;,...... X,_, + X;_;. Then, pick
n-t more columns with smaller numbers of level changes from the remaining columns in the ordered orthogonal
array. After n-1 columns are selected, we randomly assign factors A, As_._A, to them. These n assignments give a
design with the global minimum cost run order.

7. Select the columns of G corresponding to the columns assigned to n factors and form the generator matrix Gy of
the constructed design.

8. The defining contrasts of the constructed design can be obtained by finding the null space of Ga.
Thus, a global minimum 2" fractional factorial design with minimum number of level changes can be obtained.
Following examples illustrate the method of construction.

Example 1: Let g=2, R=2. The total number of distinct points in PG(2,2) is k = 223_—_11 = 7 . The points are given in the
following matrix

0 0 01 1 1 1
Z=|0 1. 1 0 0 1 1
1 01 0 1 0 1

The generator matrix G is constructed as follows
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g1= 7, g;= z;—z;_, for 2<i<3

0 0 0 1 1 1 1
G=jo 1.1 1 1 0 o 4)
1 1.0 0 1 1 0

Applying GFS on G we get the ordered orthogonal array OAg(2”) which is shown in Table 1. The last row gives the
number of level changes (NLC) for each factor are also given.

Table 1: Ordered orthogonal array OAs(2')
X Xz X3 X4 Xs X6 X7

0 0 0 0 0 0 0
0 0 0 1 1 1 1
0 1 1 1 1 0 0
0 1 1 0 0 1 1
1 1 0 0 1 1 0
1 1 0 1 0 0 1

NLC 1 2 3 4 5 6 7

TC 16 |0 8 0 0 0 4

Some fractional factorial designs with minimum number of level changes (NLC) are constructed using the method

a) 2°* fractional factorial design
Consider two 2-factor interactions A;A,,A;A; involving one common factor A; and remainder factors are
A4,A5.

n=5 p=2, N=8and m= 2.Here, let m=2 then

= 524 =5=N-1-m=8-—1-2=5is satisfied.

ﬂ 8
2

Using the method discussed in section 3.1 and assign A;,4,, A3 to column numbers (X, X; X,) in the ordered
two level orthogonal array (Table 1) . Further assign column number ( X7, Xs ) to 2-way interactions A;4,,4,45
and the remaining factors 4, and A to columns X; and Xs respectively . The 2°2 design obtained from the above

assignment has a global minimum cost run order with (4+3+2+1+5) = 15 level changes.

Since columns X, X5 X, X, and X5 are selected from the ordered orthogonal array OAs(2’) the generator matrix
Ga is

obtained by selecting the corresponding columns from the matrix G given in (4) and the matrix Gq is

1 0 0 0 1
Ge=f1 1 1 0 1

0 0 1 1 1

(5)
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By finding the null space of G, the defining contrast for the constructed designs is given as |= A;A,As = A A, A,

is obtained. We give here the list of designs constructed using the method.

Table 2: List of generated Designs

PG(R,q) Ordered OA Designs Generator Defining Level Changes
Matrix Relation

PG(2,2) OAs(27) 252 [%(1)(1)8%] 1=A1A4As = A1A2A3 15
00111

1111100011
0001110101

0011001111

PG(3,2) OA16(21°) 2106 1000000011 1=A1A2A4A10 =A1A2A3A9=-A2A1As=A2A3A7 55
=A3AsA6-A2A3A4A5

11111001
00011010

00110101

PG(3,2) OA16(21%) 284 10000001 1=A3A1As- A2AsA7-ArA3A6= 36
ArAzALAs

111110001
000111010 AdAs

PG(3,2) OA16(2%°) 295 |:10000000 1} 1=A1A2A3A9=A3A1As-A2A1A7=A2A3A6=A2A3 45
001100111

1000111
0010100

PG(3,2) OA16(21°) 262 [0000001} 1=A1A2As =A1AA3A4 30
0101110

b). Construction of q" P Fractional Factorial Design where q>2
We present the following method for the construction of the designs.

Method of Construction Il
1. Consider PG(R,q) for g>2. Letk = —

2. Write distinct points of PG(R,q) columnwise to form a
Matrix Z = (z;). Then Z is of order txk where t =R+1

R+1_
And k=1 . Lis the number of distinct points in the

qR*1-1
q

denotes the number of distinct points in it.

-1
geometry.

3. Obtain the generator matrix G= (g4 ------ §¢)'by applying the following transformation (Chen and Wang (2001))

on the rows of Z
gL1=2, §;= 2, —z_, for 2<i<t

4. Construct a saturated ordered orthogonal array A= OAN(QY); N=q' by a applying GFS on the generator

sequence g; gz -- - g: where g; is the i row of G.

5. Count the number of level changes (NLC) for each column j labeled as X; where NLC(X;) = (q —

1) ?t_, q*"1(g;;), where g;; is the j" element in g; and I(g;;) is an indicator function as defined in lemma.

6.
t—1_
Case (i): In order to construct a resolution lll, g"7; n-p =t, g>2 fractional factorial design, where qq_l 11 =
t_
n = 'Z—_f, Apply assignment procedure | of Chen and Wang(2001) i.e. selecting the first n columns in an ordered

orthogonal array OAn (%) and the corresponding first n columns of G will give the generator matrix Gq
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Case (ii): For the case t < n < (N/g-1)/(g-1), we select columnsXj,(q-1)X1+ Xz, (G-1)Xo+Xi,......... (G-1)X:-1+X: and the
first n-t columns from the remaining columns in the ordered array for a design with global minimum-cost run order.
7. The defining contrasts for the constructed design can be obtained by finding the null space of G.

Thus, a global minimum g™ fractional factorial design with minimum number of level changes can be obtained.

The above method is illustrated through following examples.

3_
Example 3: Let q=3, R=2. The total number of distinct points in PG(2,3) is k= 2_11 =13 . The points are given in
the following
o 0o 001 1 2 1 2 2 1 2 1
Z=10 1.1 2 1. 1 2 0 1 1 0 0 2
11 0 1 1 0 1 0 1 0 1 1 1
The generator matrix G is constructed as
91= 21, 9i= Z; —Zj4 fOI’ZSIS3
o o o011 2 1 2 2 1 21 91
G=fo 2 2 1.0 0 0 1 1 1 1 2 2/=19: (6)
2 0 1 1 0 1 1 0 0 1 2 2 1 93

Using GFS an ordered OA»7(3") is constructed which is given in following Table 3.

Table 3: Ordered OA,7(3")

Xo | X [ X [ % | X [ %0 | X0 | X | Xz | X |

x
&
x

R R (R [(NMNNMNNMNNMNINMNINMNIMMIMIMVO([O|O|O|O|O|O|O |O

N(foOolo|lofr | (kR |k |[lOIMIVMVIO|O|O|(R (RO INMN|INM[O|O|O
P IN[ININININNIN|IPRP|IO|O|RPr (PP |IRP|IRPR|IRLR|IO|IN|N]JO|O|O
o[NP I[OIN|P|IO|IO|Rr|OIN|[RP|[O|IN|P|O|O|R,|O|N|FL|O
N[, [OINIOIN|IRP IR |IN|IP|IOINI[PRP[IN|PRP|IO|O|R,|O|N|FL|O
N[O [NIN|IO|FRL,|IN|O|FR,|INIO(R|[RP|IN|IO|RL|N|O|FL,|N|O
P I(IN[P O, |OIN|FRP|IN|FP[IN|[FP[I[O|FR,|OIN|FRL|N|FRL|IN|FL|O
R, [(NMNIOIO|FR,r|IN|O|O|FR|PIMNMNIO|IO|FRL|IN|O|OC|FR,|FL|IN|O

oo, (NP, [IMN[O|fFR [P INMNIN[O[RP O[R[N O[O|[F [, [N |O

N[N [OIN|(PRP[OfRP[O(RP[OIN|[FRP[OIN[FRL NP [IN|[FL|O

PPk l[lON|IP[OIN|[RPI[PIOIOIN|[RPI[OIN|[FRPR O[O [IN[N|[F|O

O N[N IN|[O|IOC|IOCOIN|ININ|IFPI[RPI[FRPINININ|P|P|,|lO|O|O
ofN|[OfRr ([P [IMN[O[O[O|(FR OR[N IN[O(FR [P [IFL[N|[FL[IN]|O
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N[O R INN
N R |O|N|O
O | |IN|IN|N
N | R [ON(N

NL
TC

(oI I ST I I I A
N D[R |[R|FR|O[N
O (0 |O|OCO|O|N (K
O (0 |k |k |»|]O|O
RrlRr|IN|Rr|O|O |+
O |IN |k, |O N[N |O
O |IN|O | |N|O|F
O IN|FPR |OIN|[FL N
oO(N|O|Rr|N]|JO|O

Now using G matrix and Table 3 we construct following 3-level fractional factorial designs.

b) 3%° Resolution Il Fractional Factorial Design
Here N=27=33 g=3,t=3.N/q-1)/(g-1) +1 =5 < n < 13 = (N-1) / (9-1). According to the step 6 of the method
we select the first n = 8 columns in the ordered orthogonal array OA,7( 3" ) given in Table 4. The generator matrix
for the design is given by selecting the assigned columns from matrix G given in (6)
0o 0 0 01 1 2 1
Ge=[0 2 2 1 0 0 0 1
2 01 1 0 1 1 O

Hence using the generator matrix, the defining relation is given |=A4,A%24, = A1AsA, = AjA%Ag = A AA, = A A3A,

Hence we get a global minimum cost 3% f design with 106 level changes, which is minimum possible. The list of
constructed designs along with their defining relations and level changes is given in Table (4)

4. Minimum Level Change Trend free designs

Using the ordered orthogonal arrays obtained in Section 3, we can construct trend free designs. Another
construction method for constructing  g"? fractional factorial design satisfying the dual criteria of minimum
number of level changes and linear trend free effects is given below:

Method of construction IlI:

1. We Construct ordered orthogonal array using GFS on the distinct points of PG(R,q) as described in section 3.

2. Calculate Time Count (T.C) for each factor in the ordered orthogonal array.

3. Choose first n columns labeled as X7, Xz X3.. X, , from an ordered orthogonal array for which the time count is
zero. Assign factors A1, A,,..., A, to them.

4. Obtain the generator matrix G4 for " fractional factorial design by selecting the columns that correspond to
the column assigned to the n factors A, A,,...,Anin an
ordered orthogonal array.

5. Find the null space of G, to obtain the corresponding defining relation.

We obtain a resolution lll, g" fractional factorial design with minimum number of level changes and with linear
trend free main effects. Consider the following examples

a) 2°7" Resolution Il Fractional Factorial Design
Select the columns in Ordered Orthogonal Array (Table 2) with zero time counts. The selected columns are X, Xa, Xs,
Xe Xg and the corresponding generator matrix is given as

[

G, =

R R oo

0

This gives a 2> fractional factorial design with defining relation 1= A;4,4, with 25 level changes (minimum
possible satisfying the dual criteria) in which all main effects are linear trend free.
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b) 3°2 Resolution Ill Fractional Factorial Design

Here N=27, =3, n=5, p=2.(N/q -1) / (g-1) +1 =5 < 5 <13 = (N-1) / (g-1). According to the assignment |, select the
first n =5 columns in the ordered orthogonal array OA,7( 3" ) given in Table 3. The generator matrix for the design
is given by selecting the assigned columns from matrix G given in (6).

SE=N=)
oN O
N O
[
cCoR

Hence using the generator matrix, the defining relation is given as I1=4;4,A4, = A;A3A;.Hence we get a global
minimum cost design with 42 level changes.

Table 5 and 6 gives possible 2"?,5<n <11, 1<p<7and 3",4<n<10 1<p <7 resolution lll fractional
factorial designs respectively satisfying the dual criteria  minimum level change and linear trend free. The last

column of the table gives the defining relations for the designs.

Table 4: List of generated Designs with their level changes

PGB Ordered OA Deszignz Cenerator Def. Relation Lewvel
Matrix Changes
PG(2.3) 043 3 20001121 I=fA4f Ay A AGA, 106
unmnm] A A=A A
[2011011& A Ao
AAT A
23 (3" - = ] E)
PG.3) 04A-(37) 3 0000 112 I=A.AZA, 82
[0221 DDD] A= A AZA
2011011 :
AAuh,
= 'J. ._ |I vy = - Z ¢ -
73) 04:-(37) 3 [ﬂwmmz] T=AuA? A A AN 130
022100011 . =4, 424
201101100 Ju"f!"‘_ .
AASA,
75 30 -2 = JA =
PE23) QA3 3 00001 [=h iy 42
[02210] AAch,
20110
PG(2.3) 0AA3") T [uuuuuzlzz] FEAadi A Auflells 136
0221000111 AAA=A0A0=
2011011001 AR A
B A A= ARG,
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Table 5:2"P,5 < n < 11,1 < p< 7 resolution lll fractional factorial designs

Design Col.Numselected in Generator Matrix NLC Defining Relation
an OA(with tc=0)
00001
251 Xs, Xa, X5, X, Xs 01100 25 I =A4,4,4,
10110
000011 _ B
562 o Xo Xe Xe Xo Xo 011111 w4 I = AAA, = AyAsAsAq
v 111000
101101
0000111
273 X, Xa, X5, Xs, Xa Xo, X1o o1 (1) (1) (1) 1 44 = A A,A, = AyAsAcAg = AAA,
1011011
00001111
984 X2, X4, X5, X6, X3 Xo, 01111111 55 I = AA,A, = A,A3A54,
X10,X11 11100011 = A, AgA; = A1 A, AzA5A
10110110 1415417 1412413415418
000011111 I= A A,A, = A,AzAA,
s Xe Xo, X, X, Xo Xo 011111110 67 = Adgh,
X0, X11,X;
1o e 101101100 = AiAxA3A5A5=A2 454
0000111111
2106 X2, Xa, X5, X5, Xa Xs, 0111111100 80 I =A1A,A, = A A34546 = A1 AsA; =
X10,X11,X12,X13 i é i 2 8(1) i é (1) i A1 A3 A3AsAg=ArA5Ag=A3A5A;,
00001111111 I = A A,A, = A,AzAA,
S117 X2, X4, X5, X6, X3 Xs, 01111111000 94 = A AgA; = A, Ay AsAcAs
X10,X11,X12,X13X14 1 1 1 0 0 0 1 1 1 1 0
’ 10110110011 =A;A5A9=A3454,10 = A1AzAsAr

Table 6:3"7,4 <n <10, 1 < p <7 resolution Il fractional factorial designs

Design

Columns
selected (with
time count
Zero)

Generator matrix

NLC

Defining Relation

34-1

X3,X4,X6,X7

—
=N O

56

YY)
=R
=oN
—on

1= A3424;A,

X3, Xa, X,
X7,Xs

=N o
YY)

1
1] 80
0

1=A,A%45 = A2A2A;A,

36-3

X3, Xa, X, g
X7,X8Xog 1

2
1] 104
0

1= A2%24;A, = A,A%A; = A2A%A;A,

37-4

X3, Xa, X,
X7,Xg X, [

X1o

2
1] 130
1

Ol = A14;A, = A3A3A¢ = A1A%As = A2A24,4,

38-5

Xs, X4, X6, X7,
0

Xg Xo, [2

1

X10,X11

2
2] 156
2

1= A24%44 = A1A;A, = A2A3Aq = A1A2As = A2A2%A,4,

X3, Xa, X,
X7,Xg X, [

X10,X11,X12

2
2] 182
2

I=A4,A%245A, = A2A%245 = A A3A, = A3A3Ag = A1 A%A; = A2A%A;A,
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Xs, X4, Xe, I=A,A34%A,, = A1A3A3Ay = A2A%A4 = A1 A3A, = A3A3A¢ = A A3As
X7,X8Xo, 0012122121 = AjA3434,
3107 2100111122 208
X0, 1111001221
X11,X12,X13

5. Conclusion

This article provides a streamlined methodology for constructing globally optimal level change designs utilizing
distinct points from projective geometry. Furthermore, this approach is employed to devise minimum level change
fractional factorial designs that adhere to the dual principles of trend freeness and the minimization of level
changes, along with their corresponding defining relations.
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