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| ABSTRACT

Calibration estimation improves the precision of population parameter estimates by incorporating specified
auxiliary information. In this article, we have proposed a new calibration estimator for estimating the population
mean in stratified sampling, based on three new calibration constraints derived from the coefficient of variation and
correlation. A simulation study is conducted to evaluate the performance of the proposed estimator.
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1. Introduction

The calibration-based estimation method helps improve survey estimates by using auxiliary information to adjust
the initial design weights. A calibration estimator uses modified weights, which are known as calibrated weights.
These calibrated weights are determined by minimizing a given distance function to the initial design weights,
respecting a set of constraints associated with auxiliary information. In survey sampling many authors, such as
Deville and Sarndal (1992), Estevao and Sarndal (2000), Arnab and Singh (2005), Farrell and Singh (2005), Kim and
Park (2010), etc., defined some calibration estimators using different constraints. In stratified random sampling, a
calibration approach is used to get optimum strata weights. Tracy et al. (2003), Kim et al. (2007) and Koyuncu (2012)
define some calibration estimators in stratified random sampling. Koyuncu and Kadilar (2016), Clement and Enang
(2017), Nidhi et al. (2017), Neha Garg & Meenakshi Pachori (2020) etc., have contributed in the development of
calibrated estimators for different population parameters using different calibration constraints under various
sampling schemes. Koyuncu and Kadilar (2013) define calibration estimator using different distance measures in
stratified sampling. Koyunchu et al. (2015) introduced the calibration estimator by using three calibration
constraints in stratified random sampling. Ozgul (2018) also introduce a calibration estimator by using three
different calibration constraints in stratified random sampling.

In this article, we suggested a new calibration estimators for estimating population mean with the set of three new
calibration constraints by using coefficient of variation and correlation. Section 2 gives some existing estimator in
stratified sampling using three constraints defined in calibration estimation. Section 3 contains the proposed
estimator in stratified random sampling. In Section 4, a simulation study of the proposed estimator is conducted on
an artificial population as well as a real data set to evaluate the performance of the proposed estimator by using R
programming software. Sections 5 and 6 give the results and conclusions of the paper.

Copyright: © 2026 the Author(s). This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution (CC-BY) 4.0 license (https://creativecommons.org/licenses/by/4.0/). Published by Bluemark Publishers.
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2. Some Existing Estimators in Stratified Sampling Using Three Constraints

Different calibration estimators have been proposed in the literature for estimating the population mean of a
stratified sampling using the auxiliary variable. Some existing calibration estimators using three constraints in
stratified sampling are described as follows:

Nursel Koyuncu et al. (2015), introduced a new calibration estimator in stratified random sampling, which is given as
Vsevi) = Zh=1 PnIn (M
Where ¥, are new calibration weights minimizing chi-square distance function

L (Wr-Wp)?
R=1"orw), 2

And the calibration constraints are given in equation (3), (4) and (5)

Yho 1 Wnky = Xhoy Wi X, 3)
Zh:lwhsﬁx = %1:1 WhS}le (4)
22:1 ¥, = Z'fz=1 Wy (5)

The proposed calibrated estimator by Nursel Koyuncu (2015) is expressed as

Verwr) = Lies Wadn + Brwio[Zhot Wa (X — %) + Bouio [Zhot Wa(SZ — s2)]  (6)

As

~ A ~
Where, Bk = ;4 Bavy = Y

Ay = Choy QuWhXn Y [(hoy QuWi) Bho1 QuWishy) — Bhiey QuWasi)?] —
=1 OuWhsi Vi) [(Zh=1 QuWisiXn) hizy QuWh) — (Xhoq QuWhXy)(Xhoy QuWasi, )] +
=1 QWi I (ko1 QuWisi) ey QuWhsi®n) — Xhoq QuWiXy) (Xhoy @ Wisiy)]

As = (Xhoy QWi X, y)[(Xhoy QuWiXn) oy QuWhsiy) — Xhoy QWi (Xhoy QuWh st Xn)] +
Xh=1 QnWisiy VI (Ehz1 QuWi) Choq QWi Xh) — (Xhoy QWi Xn)?] +
Chz1 Wi I (ko1 QuWinX) (Bhizy QuWhShXn) — (Bhoy QuWiXn) Bhicy QuWhsi)]

B = (2’5:1 QhWh)(Zlfpl QhWth{x)(Zﬁﬂ QuWy i) — (Zﬁ:l QnWhyxy)? (Zﬁ:l QhWth‘{x) -
(Zlflzl Qh Wh)(zlfl=1 QhWhS}%xfh)z - (Zﬁ=1 Qhthlex)Z(Zlfl=1 Qh thle) +
2(2’;}:1 Qhthh)(ZlfFl Qhthﬁx) (Zﬁ:l QhWhSﬁxfh)

Ozqul (2018), developed a calibrated estimator is given as
Vst0) = Lh=1 Qn In (7)
Where Q,, are the new weights obtained by minimizing the chi square distance function

L (Qp-Wp)?2
e ®

And the calibration constraints are given in equation (9), (10) and (11)

TheiWh =1 9)
Yho 1%y = Yk Wi X, (10)
Yhe1 QnCny = Yoy WiCiy (11)

The proposed estimator by Ozqul (2018) is expressed as:
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Ysto) = 2%1:1[3711 + ﬁA1(o) Xy — %) + ﬁz(o) (Chx — Chx)] (12)
Where,

) )41 ) Y2
== and =
Bl(o) n ,82(0) n

Vi = Chos Wh QY (o1 Wi QnCha) Bk Wy QpXncny) — (kg Wy QnXn) Ehioy Wi Qnci)] +
=1 WhQnXn Y [(Bhioy Wi Q) (Bhics Wi Qn i) — (Xhoy Wi Qncna)®] +
Che1 WhQn VI (Xhiey Wi Q@ X1) kg Wi QnCns) — Ehoy WaQp) (Xhi—y Wiy Qn X Chy)]

Y2 = (Zﬁ:l W, th’h)[(Zﬁ:l Wy thh)@ﬁﬂ Wy, QnXpCpy) — (21;121 W, QnChy) (Zﬁ:l Wthfﬁ)] +
(Zﬁﬂ Wthch_’h)[(Zﬁzl Wthfh)(Zﬁﬂ WhQncny) — (Zﬁ:l Wy, QnXpChy) (Zﬁ:l WnQn)] +
(Zﬁ:l WthChxyh)[(Zlflﬂ Wth)(Zﬁ:l Wthfﬁ) - (Zﬁﬂ W, Qnxn)?]

N = Choy WhQp) Xhoy Wy Qi X2) (Xhioy Wi Qpct) — (Xhicy Wi Qp) Xfiy Wy Qn X Cny) —
Choa WhQnx2) Bk Wi Qpen ) = ko Wy Qp ez ) ke Wi QpXp)* +
22k Wi Qn X)) (Xh—y Wy QnChy) Xhiey Wi Qn Xy Chy)

3. Proposed Calibration Estimator
In stratified sampling scheme the classical unbiased estimator of the population mean is given by

Vst = Zlfz=1 Wy (13)

Where, W), = % is the stratum weights. The calibration estimator for stratified random sampling is defined
by Tracy et al. (2003) as

Y5t (TT) = Efie1 @ Yn (14)

Now following Tracy et al. (2003) and motivated by Nursel Koyuncu et al. (2015) and Ozqul (2018), we introduced a
new calibration given as

yst(N) 22%1:19-;1 Y (15)

Where Q;, are the new calibrated weights obtained by minimizing the chi-square distance type

. 2
measure Zflzlmg—xh), subject to two calibration constraints given as
h"Vh
he1 Uy = 2hoa Wh (16)
D=1 QnPxn = L=t Whpxn (a7)
Th=1DCan = Loy WiCxn (18)

Here c,, = sy, /%, and Cy, = S, /X, are the ht" stratum sample and population coefficient of variation of
the auxiliary variable, respectively

The Lagrange function is given as
Qp-w : * * *
L= ﬁ=1% = 22 (Bk=1 Y = Zhmt W) — 225(Zf2 1 Qupan — L= WiPxn) — 243 (X1 U Con —
Lh=1WhCn ) (19)
Where 1,,1, andA; are the Lagrange multipliers to find the optimum value of Q;.

Now, differentiate the eq. (19) with respect to Q; and equate to zero.

an _ 2(Qp-wp)

a0y, QL Wh - 2)Ll - lepxh - 2/13th
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(Qh-Wn)
QnWh

— Ay = ApPxn — A3Cp =0
Qp =Wy + QuWi(A4y + 23050 + A3Cxn)
Substituting the weights ;, in (16), (17) and (18) we get
Ay Bhms Wi Qn + A2 Ziioy Wi Qnpxn + A3 Ximy Wi QnCon = 0
A1 Zh1 WhQnpin + A2 Ziies WaQnpin + A3 Xhios WhQnCanPan = Ziios Wh(Pxn — Pxn)
A1 Zoa WpQnCan + A2 Xt WaQnCanPan + A3 oy Wi Qnclp = Zhies Wi (Cxn — Cxn)
Now from equation (21), (22) and (23)

Yhe1 WiQs Yh=1 W QnPxn YheaWhQnean 114 . 0
Zﬁ=1 Wy QnPxn Zﬁ=1 W, thyzch 2%1:1 Wy QnCxnpxn || 22| = Lri=1 Wi (pxn = Pxn)
L
Zlfz=1 Wi Qnpoxn Zlfzzl Wi QpnCxnPxn Zlfl=1 W, Qp th A3 L1 Wa (Cxn = Cxn)
D = (Zhos Wh Q[ Ch=s Wi Qnp2n) k=1 WhQncin) — (Xhoy Wi QnCenPxn)?] —

(Zlﬁ:1 W QrPxn) [(Z;LI=1 Wy QhPxn)(Zlfz=1 WthC)ZCh) - (Zlﬁ=1 W, thxh)(zlfl=1 Wy Qnxnpxn)] +
(Zlﬁ:1 W), QpCxn) [(Zlfz=1 Wy Qhth)(Zlfl=1 W QnCxnPan) — (Z’fl=1 Wy Qhth)(Zlfzz1 W, th)zch)]

N, = Zh:l Wy, (oxn — Pxn) [(Zﬁﬂ Wthth)(Zﬁﬂ W QnCxnPxn) — (Zﬁ=1 Wthszch)(Zﬁﬂ WthC:%h)] -

ﬁ=1 Wy, (Cxp, — Cxn) [(Zﬁ:l Wy thpzch)(zi=1 W QnCxnPxn) + (Zﬁ:l Wy, thxh)(Zﬁﬂ Wy, thih)]

Ny = X5y Wy (oxn — Pxn) [(Bhey WhQn) (Bhioy Wi Qnc2n) — (Bhicy WaQnCxn)?] + Xhioy Wi (Cyp —
Cxn) [(Zh=1 Wy, Qp th)(Z}L1=1 W, Qnpxn) — (Z]Fl=1 Wi Qh)(Z%z:l W QnCxnpxn)]

N; = 22:1 Wy (oxn — Pxn) [(Zﬁﬂ Wthth)(Z'ﬁ:l Wy Qncxn) — (Zﬁ=1 Wth)(Zh:l Wy Qncxnpxn)] +
Z;L1=1 Wy (Cxp, — Cxn) [(Zlﬁ=1 Wth)(Zﬁﬂ WthPa%h) - (Eﬁ:l Wy Qnpxn)?]

N3

Then Alz%,azz%,ASZ :

Substituting the value of 1;, 1, and 15 in equation (20)

. Ny N N
Qp, =W, +Q,W, (;1+szxh + fcxh)

Now the proposed calibrated estimator is written as

Vst (N) = Ys¢ + BI(N) [Xho1 Wi (oxn — pxn)] + BZ(N) [Xhe1 W (Cxn — cxn)]

Ng

~ N, ~
Whel’e Bl(N) = 74 and ﬁZ(N) = F

N, = Z%z:l Wy, Qp yn [(Z;LI=1 Wthan)(Zlﬁﬂ Wy QnCxnPxn) — (ZfL1=1 WthPxn)(Z’ﬁﬂ WthC)zch)] +
Shea WhQp Y pan[(Chies Wi Qp) Chicy WhQnc2y) — ks Wy Qncan)?] +
Zﬁ:l W,Qn ¥nCxn [(Zﬁﬂ Wy, Qhth)(Zﬁﬂ WhQncxn) — (2;L1=1 Wy, Qh)(Zﬁﬂ Wi QnCxnprn)]

Ns = 2%1:1 Wy Qn ¥n [(Z}L1=1 Wy QhPm)(Zﬁ:l Wy QnConPrn) + (Z;L1=1 Wy Qthh)(Zlfl=1 Wy, thih)] +
Zlf1=1 Wy, Qn YnPxn [(Zﬁ=1 Wthth)(Zﬁﬂ Wy Qnpxn) — (Zlf1=1 WhQn)(Zlilﬂ Wy QnCanpxn)] +
Zlf1=1 Wy, Qn YnCxn [(Zlﬁﬂ WhQn)(Zﬁﬂ WthP:Zch) - (Zlﬁ:l Wy Qrpxn)?]

Here we describe the different forms of the first proposed estimator for varying values of Q, as follows:
Case 1: when @, =1

The proposed estimator is written as

L L
Vse(N) = Yo + ﬁ1(1v) lz Wy (oxn — pxn) | + Bz(zv) [Z W, (Cxp — th)l
h=1 h=1

(24)
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Where ﬁAl(N) = % and BZ(N) = %

Ny = X5 Wy Y [(Ehoy Waeen) Bk WiCanPxn) — (Bhey Whprn) Chiey WhcZ)] +

Yhot Wa Inpsn [Chios Wi) ks WicZn) — Bhias WaCan)?] + Xhics Wi T Cen (B ko1 Whpan) Chiy WhCan) —
Chas W) ko Wheanpsn)]

Ny = 5oy Wiy Yu[(Ch s Whpan) oy WhCxnpan) + Ehiey WiCan) Choy Whpzn)]1 +
Thea Wh YuPsn [k WiCan) Chioy Wipan) — Choy W) Gk s WhCenpan) +

Zﬁ:1 Wh ¥nCxn [(Zlfz:1 Wh)(zlfz:1 Whp;%h) - (22:1 Wy pxn)?]

D = (Zhoy WOl C ko1 WhpZn) Bl Whedn) — (Chay WhCenpxn)?] —

Chaa W) [t Wapan) Chos WicZn) — iy Wapan) Chos WhCanPan)] +
Chaa Whe) [l Wapan) Chos WaCxnpxn) — ko Wapan) Gy Wipzn)]

Case 2: when Q, = 1/c,;,
The proposed estimator is written as

L
+ BZ(N) [z W, (Cxp — th)l

h=1

L
Yo (N) =Yg + By ) lz Wy (Pxn = Pxn)

h=1

5 N, 5 N
Where ﬁl(N) = F‘L and ﬁZ(N) = FS

Ny = hey Wi I/ Con | (Shos Wi) (Shor W) = (Zhos ™222) (Zhioy Wion) | + Zhior Wi Fnpan/Con[ (o Wi/
Cxn) Qhes Whean) — Bhos Wi)?1 + Zhios Wa Vi [Ghicy Whpsn/ cxn) Blies W) — Bfizy Wi/ €n) Bioa Wipxn)]

Ny =Xhs Wa Y/ Can [( he1 %) et Whprn) + Chot W) (Z,lelch:p,%h)] + it Wa Ynoxn/
Con [(ho1 WhQn o) ot Wi Qupan) — Xfios WhQn) oy Wi QuCanpan)] +
Z;L1=1 Wy, Qn YnCxn [(2%:1 Wth)(Zﬁﬂ Wthpazch) - (Zﬁ:l Wy Qnpxn)?]

D = (Zhoy W)l hoy WhpZn) Bl Whein) — (Chay WhCenpsxn)?] —
Chaa W) [t Whpan) Chos Wacin) — iy Wapan) Chos WaCxnpxn)] +
Gt Wi ) (et Wapsn) Chies WiCenPan) — Chay Wnpxn) Ehy WhpZn)]

Case 3: when Q,, = 1/p,

L
+ BZ(N) [Z W, (Cxp — th)l

L
Vse(N) = Y5 + /?1(1\/) IZ Wy (0xn — Pxn)
h=1

h=1

Where B, ) = % and Py = %

Ny = Xhios Wi I/ pan [ ot WaCan/ pan) iy Whan) — Bhiey W) iy WicEy /pxn)] +
Zlﬁ=1 Wy ¥n [(Zh=1 Wh/Pxn)(Zlﬁ:1 Whcty /pxn) — (2%1:1 WhCen/Pxn)?] + Zlfl=1 Wy ¥nCen/
Pxn [(Zﬁ:l Wh)(Zk:l Wi Can/ Pxn) — (Zﬁﬂ Wh/th)(Zlﬁ:l Wi cen)]

Ns = X5 Wy Y1/ 0o [Chioy Wi) By Whan) + (ko WiCen) By Wi + Xy Wy Y [(Ehoy Wicen/
[()ih)(Z%L:i V]Vh) - (Zﬁ=1 Wh/th)(Zﬁﬂ Whycxn)] + 2%1:1 Wi ¥nCxn/ Pxn [(ZiLl=1 Wh/th)(Z]Flﬂ Whpxn) —
fie1 Wi)?

D = Xhoy Wi/ pan) [(Zhc1 Wapsn) ks Wacin /0xn) — Bhies Wnan)?] = ey Wi(Zhoy Wi) (Bhoy Whesn/
Pxn) — (Z%l=1 Wh)(zlfz:1 Wycan)] + (Zlfz=1 Wthh/th)[(Zﬁzl Wh)(Zﬁﬂ Whcen) — (Zﬁﬂ Wh)@ﬁﬂ Wipxn)]

4. Simulation Study

To study the performance of proposed calibration estimators in a stratified random sampling design with respect to
the other estimators, we have conducted a simulation study on two data sets one is an artificial dataset generated
using R-software and other is a real data taken from Sarndal et al. (2003).
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4.1 Simulation study with artificial data set

To study the performance of the proposed estimator a limited simulation study has been carried out for with three
different artificially generated populations. The population given in Tracy et.al. (2003) and Nursel Koyuncu (2015).
Where X,; and y,; values are form different distributions. The populations given in Table. 1. The correlation
coefficients between study and auxiliary variables for each stratum taken as p,,; = 0.5, py,, = 0.7,p,,5 = 0.9
respectively. The quantities S,, = 4.5,S,, =6.2,5;, =8.4 and §,,,S,,,53, = 4.8 were fixed in each stratum. All
four population consist three strata having 1500 units. This process have been repeated 50000 time independently
that is 500 samples of size 200, 300, 400 units have been drawn from each stratum from given population. The
formula gives the MSE of Tracy's estimator and the proposed estimator

(50000)15  (q) — ¥
MSE(¥ (@) = ==+ (5[8]50((;;) ]

& = Vr(nk) Vst (0)r Vst(V)

Table 1: Parameters and distributions of study and auxiliary variables

Populations Parameters and distribution of | Parameters and distributions
the study Variable of the auxiliary variable
Population h = £y _ 1,5-1 -7 | 03-1 -},
1‘2,3 f(yhl,) 1—-(15)th e f(xhl) I—.(O3) xhi e
2. Population iy £0.3-1 - 1 ki
h=123 fOm) = Fzy e i) = F=e
4. Population 1 i ; [T gy
P h f(y;;) = Ee 2 f(xhi) = [‘(0.3)xh(i)3 16 Xhi
=123
Table 2: Properties of strata
Strata Study variable Auxiliary variable
Stratum Y1 =50+ yj; ; Six) .
b H x; =15+ [(1— p)zcyl)xli + Pxy1 Sﬁ Vii
1y
Stratum Y2i = 150 + y3; . Sax .
! “ Xo0 =100+ (1= p22)o5 + Payz | 5 ) Vs
2y
Stratum Y3 = 100 + y3; . Sax\ . .
: * X3 =200+ (1= plya)5; + Pays | 5 ) Vi
3y
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Table 3: The Mean square error (MSE) of different calibration estimators in Stratified Sampling design for artificial

data.

Populations | Estimators Q=1 Q=1/cy Q=1/pum
Vst 410262.8 702012.8 303107.5
Yst(o) 7379.371 47134.05 4739.451
Vst(n) 2772.786 70.63716 292.2711
Vst(nk) 372400.1 602499 305422.8

' Vst(0) 1513.792 27242.59 1167.385
Vst(n) 30.45064 64.27899 258.4545
Vst(wi) 308027.1 510899.9 229310.8

" Vst(o) 8388.492 49980.68 5282.875
Vst(n) 1725.127 62.34677 304.0844

4.2 Simulation study with real data set

The simulation study with real data was carried out to study the performance of the proposed calibration
estimators. The population MU284 is taken from Appendix B of Sarndal et al. (2003, pp). We consider 246 units from
that population after deleting extreme units. Stratification is done according to the REG variable and hence we have
eight strata. The study variable y was the population of the year 1985 (P85) and the auxiliary variable x was the
population of the year 1982 (CS82). A simulated study generating 50,000 samples is done using R-software. A
simulated study generating 50,000 samples is done using R-software is worked out for stratified sampling.

(50000)(— 7Y
— 21 Os(@)—Y) _ -
MSE(yst(a)) = =k=1 50:;00 , &= yst(Nk)’ yst(O): yst(N)

Table 4: The Mean square error (MSE) of different calibration estimators in Stratified Sampling design for

real data.
Estimators Q=1 Q=1/cy Q=1/psn
Ystvw) 8479640696 1671466679 3101296249
Vst 20653915317 9803309512 518125763579
Vst 190.488 13389.2 420720917

5. Result
The mean square error of the proposed calibration estimators, which uses a new set of three constraints based on
coefficient of variation and correlation of the auxiliary variable, is compared with other existing calibration

estimators in stratified random sampling. The results are presented in Table 3 and Table 4 for both an artificially
generated data set and a real data set.

From Table 3 and Table 4 it is evident that the proposed calibration estimator
Vseav) is better perform for the different situations of Q;’s. This result is consistent for both populations.
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6. Conclusion
In this chapter we have considered the calibration estimation in stratified sampling. A new calibration estimators are
proposed under stratified random sampling incorporating new set of three constraints.

To evaluate the performance of proposed estimators in comparison with other calibration estimators, a simulation
study was conducted on two datasets. From this simulation study, we conclude that the proposed estimator is
better perform than the other existing estimators for all conditions.

Moreover, the empirical studies highlighted the efficiency of proposed approach, showing significant improvements
over the methods developed by Koyuncu et al. (2015) and Ozqul (2018).
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