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| ABSTRACT 

Calibration estimation improves the precision of population parameter estimates by incorporating specified 

auxiliary information. In this article, we have proposed a new calibration estimator for estimating the population 

mean in stratified sampling, based on three new calibration constraints derived from the coefficient of variation and 

correlation. A simulation study is conducted to evaluate the performance of the proposed estimator.  
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1. Introduction 

The calibration-based estimation method helps improve survey estimates by using auxiliary information to adjust 

the initial design weights. A calibration estimator uses modified weights, which are known as calibrated weights. 

These calibrated weights are determined by minimizing a given distance function to the initial design weights, 

respecting a set of constraints associated with auxiliary information. In survey sampling many authors, such as 

Deville and Sarndal (1992), Estevao and Sarndal (2000), Arnab and Singh (2005), Farrell and Singh (2005), Kim and 

Park (2010), etc., defined some calibration estimators using different constraints. In stratified random sampling, a 

calibration approach is used to get optimum strata weights. Tracy et al. (2003), Kim et al. (2007) and Koyuncu (2012) 

define some calibration estimators in stratified random sampling. Koyuncu and Kadilar (2016), Clement and Enang 

(2017), Nidhi et al. (2017), Neha Garg & Meenakshi Pachori (2020) etc., have contributed in the development of 

calibrated estimators for different population parameters using different calibration constraints under various 

sampling schemes. Koyuncu and Kadilar (2013) define calibration estimator using different distance measures in 

stratified sampling.  Koyunchu et al. (2015) introduced the calibration estimator by using three calibration 

constraints in stratified random sampling. Ozgul (2018) also introduce a calibration estimator by using three 

different calibration constraints in stratified random sampling. 

In this article, we suggested a new calibration estimators for estimating population mean with the set of three new 

calibration constraints by using coefficient of variation and correlation. Section 2 gives some existing estimator in 

stratified sampling using three constraints defined in calibration estimation. Section 3 contains the proposed 

estimator in stratified random sampling. In Section 4, a simulation study of the proposed estimator is conducted on 

an artificial population as well as a real data set to evaluate the performance of the proposed estimator by using R 

programming software. Sections 5 and 6 give the results and conclusions of the paper. 
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2. Some Existing Estimators in Stratified Sampling Using Three Constraints 

Different calibration estimators have been proposed in the literature for estimating the population mean of a 

stratified sampling using the auxiliary variable. Some existing calibration estimators using three constraints in 

stratified sampling are described as follows: 

 

Nursel Koyuncu et al. (2015), introduced a new calibration estimator in stratified random sampling, which is given as         

   𝑦̅𝑠𝑡(𝑁𝑘) = ∑ 𝛹ℎ𝑦̅ℎ
𝐿
ℎ=1                                                         (1) 

Where 𝛹ℎ are new calibration weights minimizing chi-square distance function 

∑
(Ψℎ−𝑊ℎ)2

𝑄ℎ𝑊ℎ

𝐿
ℎ=1                                                               (2) 

And the calibration constraints are given in equation (3), (4) and (5)  

∑ Ψℎ𝑥̅ℎ = ∑ 𝑊ℎ𝑋̅ℎ
𝐿
ℎ=1  𝐿

ℎ=1                                                      (3)         

∑ Ψℎ𝑠ℎ𝑥
2 = ∑ 𝑊ℎ𝑆ℎ𝑥

2𝐿
ℎ=1  𝐿

ℎ=1                                                    (4) 

∑ 𝛹ℎ = ∑ 𝑊ℎ
𝐿
ℎ=1

𝐿
ℎ=1                                                                 (5) 

The proposed calibrated estimator by Nursel Koyuncu (2015) is expressed as 

𝑦̅𝑠𝑡(𝑁𝑘) = ∑ 𝑊ℎ𝑦̅ℎ + 𝛽̂1(𝑁𝑘)[∑ 𝑊ℎ(𝑋̅ℎ − 𝑥̅ℎ
𝐿
ℎ=1 )] +𝐿

ℎ=1 𝛽̂2(𝑁𝑘)[∑ 𝑊ℎ(𝑆ℎ𝑥
2 − 𝑠ℎ𝑥

2𝐿
ℎ=1 )]     (6)  

Where,   𝛽̂1(𝑁𝑘) =
𝐴4

𝐵
 , 𝛽̂2(𝑁𝑘) =

𝐴5

𝐵
 

𝐴4 = (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

4𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )2] −

(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥
2 𝑦̅ℎ

𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ

𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )] +

(∑ 𝑄ℎ𝑊ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

4𝐿
ℎ=1 )]  

𝐴5 = (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 )] +

(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥
2 𝑦̅ℎ

𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

2𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )2] +

(∑ 𝑄ℎ𝑊ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

2𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )]  

𝐵 = (∑ 𝑄ℎ𝑊ℎ
𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

4𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

2𝐿
ℎ=1 ) − (∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

𝐿
ℎ=1 )2(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

4𝐿
ℎ=1 ) −

(∑ 𝑄ℎ𝑊ℎ
𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 )2 − (∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )2(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

2𝐿
ℎ=1 ) +

2(∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ
𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2𝐿
ℎ=1 )(∑ 𝑄ℎ𝑊ℎ𝑠ℎ𝑥

2 𝑥̅ℎ
𝐿
ℎ=1 )  

Ozqul (2018), developed a calibrated estimator is given as 

𝑦̅𝑠𝑡(𝑂) = ∑ Ωℎ
𝐿
ℎ=1 𝑦̅ℎ                                                   (7) 

Where Ωℎ are the new weights obtained by minimizing the chi square distance function                                                                                                   

∑
(Ωℎ−𝑊ℎ)2

𝑄ℎ𝑊ℎ

𝐿
ℎ=1                                                     (8) 

And the calibration constraints are given in equation (9), (10) and (11) 

∑ 𝑊ℎ = 1𝐿
ℎ=1                                                              (9) 

∑ Ωℎ𝑥̅ℎ = ∑ 𝑊ℎ𝑋̅ℎ
𝐿
ℎ=1

𝐿
ℎ=1                                          (10) 

∑ Ωℎ𝑐ℎ𝑥 = ∑ 𝑊ℎ𝐶ℎ𝑥
𝐿
ℎ=1

𝐿
ℎ=1                                       (11) 

The proposed estimator by Ozqul (2018) is expressed as: 
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𝑦̅𝑠𝑡(𝑂) = ∑ [𝑦̅ℎ + 𝛽̂1(𝑂)(𝑋̅ℎ − 𝑥̅ℎ) + 𝛽̂2(𝑂) (𝐶ℎ𝑥 − 𝑐ℎ𝑥 )]𝐿
ℎ=1                (12) 

Where,  

𝛽̂1(𝑂) =
𝛾1

𝜼
   and   𝛽̂2(𝑂) =

𝛾2

𝜼
 

𝛾1 = (∑ 𝑊ℎ𝑄ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

2𝐿
ℎ=1 )] +

(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )2] +

(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )]  

𝛾2 = (∑ 𝑊ℎ𝑄ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ 𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ 𝑥̅ℎ

2𝐿
ℎ=1 )] +

(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )] +

(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥𝑦̅ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )2]  

𝜂 = (∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ 𝑥̅ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ 𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 ) −

(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ
2𝐿

ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥
𝐿
ℎ=1 )2 − (∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

𝐿
ℎ=1 )2 +

2(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ𝑥

𝐿
ℎ=1 )  

3. Proposed Calibration Estimator  

In stratified sampling scheme the classical unbiased estimator of the population mean is given by 

𝑦̅𝑠𝑡 = ∑ 𝑊ℎ𝑦̅ℎ
𝐿
ℎ=1                                               (13) 

Where, 𝑊ℎ =
𝑁ℎ

𝑁
 is the stratum weights. The calibration estimator for stratified random sampling is defined 

by Tracy et al. (2003) as  

 𝑦̅𝑠𝑡 (𝑇𝑟) = ∑ Ωℎ
𝐿
ℎ=1 𝑦̅ℎ                                           (14)                           

Now following Tracy et al. (2003) and motivated by Nursel Koyuncu et al. (2015) and Ozqul (2018), we introduced a 

new calibration given as 

                              𝑦̅𝑠𝑡 (𝑁) = ∑ Ωℎ
∗𝐿

ℎ=1 𝑦̅ℎ                                              (15) 

Where Ωℎ
∗  are the new calibrated weights obtained by minimizing the chi-square distance type 

measure   ∑
(Ωℎ

∗ −𝑊ℎ)
2

𝑄ℎ𝑊ℎ

𝐿
ℎ=1 , subject to two calibration constraints given as  

∑ Ωℎ
∗ =𝐿

ℎ=1 ∑ Wℎ
𝐿
ℎ=1                                                  (16) 

                              ∑ Ωℎ
∗ 𝜌𝑥ℎ = ∑ 𝑊ℎ𝜌𝑋ℎ

𝐿
ℎ=1

𝐿
ℎ=1                                      (17) 

∑ Ωℎ
∗ 𝑐𝑥ℎ = ∑ 𝑊ℎ𝐶𝑋ℎ 

𝐿
ℎ=1  𝐿

ℎ=1                                    (18) 

Here 𝑐𝑥ℎ = 𝑠ℎ𝑥/𝑥̅ℎ and 𝐶𝑋ℎ = 𝑆ℎ𝑥/𝑋̅ℎ are the ℎ𝑡ℎ  stratum sample and population coefficient of variation of 

the auxiliary variable, respectively  

The Lagrange function is given as 

𝐿 = ∑
(Ωℎ

∗ −𝑊ℎ)
2

𝑄ℎ𝑊ℎ

𝐿
ℎ=1 − 2𝜆1(∑ Ωℎ

∗ −𝐿
ℎ=1 ∑ Wℎ

𝐿
ℎ=1 ) − 2𝜆2(∑ Ωℎ

∗ 𝜌𝑥ℎ − ∑ 𝑊ℎ𝜌𝑋ℎ
𝐿
ℎ=1

𝐿
ℎ=1 ) − 2𝜆3(∑ Ωℎ

∗ 𝑐𝑥ℎ −𝐿
ℎ=1

∑ 𝑊ℎ𝐶𝑋ℎ 
𝐿
ℎ=1  )                                              (19) 

Where  𝜆1 , 𝜆2  and 𝜆3 are the Lagrange multipliers to find the optimum value of   Ωℎ
∗ . 

Now, differentiate the eq. (19) with respect to  Ωℎ  
∗ and equate to zero.                              

 
𝜕∆

𝜕Ωℎ
∗ =

2(Ωℎ
∗ −𝑊ℎ)

𝑄ℎ𝑊ℎ
− 2𝜆1 − 2𝜆2𝜌𝑥ℎ − 2𝜆3𝑐𝑥ℎ    
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(Ωℎ
∗ −𝑊ℎ)

𝑄ℎ𝑊ℎ
− 𝜆1 − 𝜆2𝜌𝑥ℎ − 𝜆3𝑐𝑥ℎ = 0     

Ωℎ
∗ = 𝑊ℎ + 𝑄ℎ𝑊ℎ(𝜆1 + 𝜆2𝜌𝑥ℎ + 𝜆3𝑐𝑥ℎ)                                                                (20) 

Substituting the weights  Ωℎ
∗  in (16), (17) and (18) we get 

𝜆1 ∑ 𝑊ℎ𝑄ℎ + 𝜆2 ∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ
𝐿
ℎ=1

𝐿
ℎ=1 + 𝜆3 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 = 0                                      (21)                                    

𝜆1 ∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ + 𝜆2 ∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ
2𝐿

ℎ=1 + 𝜆3
𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 = ∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿

ℎ=1            (22) 

𝜆1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ + 𝜆2 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ
𝐿
ℎ=1 + 𝜆3

𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 = ∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ)𝐿

ℎ=1             (23) 

Now from equation (21), (22) and (23) 

[

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1

∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ
𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1

∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ
𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1

] [

𝜆1

𝜆2

𝜆3

] = [

0
∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿

ℎ=1

∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ)𝐿
ℎ=1

]        (24)         

𝐷 = (∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2] −

 (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

  (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )]  

𝑁1 = ∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿
ℎ=1 [(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 )] −

∑ 𝑊ℎ(𝐶𝑋ℎ −  𝑐𝑥ℎ )𝐿
ℎ=1 [(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) + (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )]  

𝑁2 = ∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿
ℎ=1 [(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )2] + ∑ 𝑊ℎ(𝐶𝑋ℎ −𝐿

ℎ=1

𝑐𝑥ℎ ) [(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )]  

𝑁3 = ∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿
ℎ=1 [(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ)𝐿
ℎ=1 [(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2]  

Then   𝜆1 =
𝑁1

𝐷
 , 𝜆2 =

𝑁2

𝐷
 , 𝜆3 =

𝑁3

𝐷
 

Substituting the value of 𝜆1, 𝜆2 𝑎𝑛𝑑 𝜆3 in equation (20) 

Ωℎ
∗ = 𝑊ℎ + 𝑄ℎ𝑊ℎ (

𝑁1

𝐷
+

𝑁2

𝐷
𝜌𝑥ℎ +

𝑁3

𝐷
𝑐𝑥ℎ )                                                       

Now the proposed calibrated estimator is written as 

 𝑦̅𝑠𝑡 (𝑁) = 𝑦̅𝑠𝑡 + 𝛽̂1(𝑁)[∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)𝐿
ℎ=1 ] + 𝛽̂2(𝑁)[∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ)𝐿

ℎ=1 ] 

Where 𝛽̂1(𝑁) =
𝑁4

𝐷
     𝑎𝑛𝑑   𝛽̂2(𝑁) =

𝑁5

𝐷
 

𝑁4 = ∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 )] +

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ[(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )2] +

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ[(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )]  

𝑁5 = ∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) + (∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )] +

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ[(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ[(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2]  

Here we describe the different forms of the first proposed estimator for varying values of 𝑄ℎ as follows: 

Case 1: when 𝑸𝒉 = 𝟏 

The proposed estimator is written as  

𝑦̅𝑠𝑡 (𝑁) = 𝑦̅𝑠𝑡 + 𝛽̂1(𝑁) [∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)

𝐿

ℎ=1

] + 𝛽̂2(𝑁) [∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ )

𝐿

ℎ=1

] 
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Where 𝛽̂1(𝑁) =
𝑁4

𝐷
     𝑎𝑛𝑑   𝛽̂2(𝑁) =

𝑁5

𝐷
 

𝑁4 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 )] +

∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ[(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )2] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) −

(∑ 𝑊ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )]  

𝑁5 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) + (∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )] +

∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ[(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ[(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2]  

𝐷 = (∑ 𝑊ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2] −

 (∑ 𝑊ℎ𝜌𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

 (∑ 𝑊ℎ𝑐𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )]  

Case 2: when 𝑸𝒉 = 𝟏/𝒄𝒙𝒉 

The proposed estimator is written as  

𝑦̅𝑠𝑡 (𝑁) = 𝑦̅𝑠𝑡 + 𝛽̂1(𝑁) [∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)

𝐿

ℎ=1

] + 𝛽̂2(𝑁) [∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ )

𝐿

ℎ=1

] 

Where 𝛽̂1(𝑁) =
𝑁4

𝐷
     𝑎𝑛𝑑   𝛽̂2(𝑁) =

𝑁5

𝐷
 

𝑁4 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ/𝑐𝑥ℎ [(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑

𝑊ℎ𝜌𝑥ℎ

𝑐𝑥ℎ

𝐿
ℎ=1 ) (∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ/𝑐𝑥ℎ[(∑ 𝑊ℎ/𝐿

ℎ=1

𝑐𝑥ℎ )(∑ 𝑊ℎ𝑐𝑥ℎ
𝐿
ℎ=1 ) − (∑ 𝑊ℎ

𝐿
ℎ=1 )2] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝜌𝑥ℎ/𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ/𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )]  

𝑁5 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ/𝑐𝑥ℎ [(∑

𝑊ℎ𝜌𝑥ℎ

𝑐𝑥ℎ

𝐿
ℎ=1 ) (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) + (∑ 𝑊ℎ

𝐿
ℎ=1 ) (

∑ 𝑊ℎ𝜌𝑥ℎ
2𝐿

ℎ=1

𝑐𝑥ℎ
)] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ𝜌𝑥ℎ/

𝑐𝑥ℎ [(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

∑ 𝑊ℎ𝑄ℎ
𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ[(∑ 𝑊ℎ𝑄ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑄ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2]  

𝐷 = (∑ 𝑊ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )2] −

  (∑ 𝑊ℎ𝜌𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )] +

   (∑ 𝑊ℎ𝑐𝑥ℎ
𝐿
ℎ=1 )[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

2𝐿
ℎ=1 )]  

Case 3: when 𝑸𝒉 = 𝟏/𝝆𝒙𝒉 

𝑦̅𝑠𝑡 (𝑁) = 𝑦̅𝑠𝑡 + 𝛽̂1(𝑁) [∑ 𝑊ℎ(𝜌𝑋ℎ − 𝜌𝑥ℎ)

𝐿

ℎ=1

] + 𝛽̂2(𝑁) [∑ 𝑊ℎ(𝐶𝑋ℎ − 𝑐𝑥ℎ )

𝐿

ℎ=1

] 

Where 𝛽̂1(𝑁) =
𝑁4

𝐷
     𝑎𝑛𝑑   𝛽̂2(𝑁) =

𝑁5

𝐷
 

𝑁4 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ/𝜌𝑥ℎ[(∑ 𝑊ℎ𝑐𝑥ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 /𝜌𝑥ℎ)] +

∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 /𝜌𝑥ℎ) − (∑ 𝑊ℎ𝑐𝑥ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )2] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ/

𝜌𝑥ℎ[(∑ 𝑊ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )]  

𝑁5 = ∑ 𝑊ℎ
𝐿
ℎ=1 𝑦̅ℎ/𝜌𝑥ℎ[(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) + (∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ

𝐿
ℎ=1 )] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ[(∑ 𝑊ℎ𝑐𝑥ℎ/𝐿

ℎ=1

𝜌𝑥ℎ)(∑ 𝑊ℎ
𝐿
ℎ=1 ) − (∑ 𝑊ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )] + ∑ 𝑊ℎ

𝐿
ℎ=1 𝑦̅ℎ𝑐𝑥ℎ/𝜌𝑥ℎ[(∑ 𝑊ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 ) −

(∑ 𝑊ℎ
𝐿
ℎ=1 )2]  

𝐷 = (∑ 𝑊ℎ/𝐿
ℎ=1 𝜌𝑥ℎ)[(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2𝐿
ℎ=1 /𝜌𝑥ℎ) − (∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )2] −  (∑ 𝑊ℎ

𝐿
ℎ=1 )[(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

2 /𝐿
ℎ=1

𝜌𝑥ℎ) − (∑ 𝑊ℎ
𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 )] +  (∑ 𝑊ℎ𝑐𝑥ℎ/𝜌𝑥ℎ

𝐿
ℎ=1 )[(∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝑐𝑥ℎ

𝐿
ℎ=1 ) − (∑ 𝑊ℎ

𝐿
ℎ=1 )(∑ 𝑊ℎ𝜌𝑥ℎ

𝐿
ℎ=1 )]  

4. Simulation Study 

To study the performance of proposed calibration estimators in a stratified random sampling design with respect to 

the other estimators, we have conducted a simulation study on two data sets one is an artificial dataset generated 

using R-software and other is a real data taken from Sarndal et al. (2003).  
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4.1 Simulation study with artificial data set 

To study the performance of the proposed estimator a limited simulation study has been carried out for with three 

different artificially generated populations. The population given in Tracy et.al. (2003) and Nursel Koyuncu (2015). 

Where  𝑋ℎ𝑖  and 𝑦ℎ𝑖 values are form different distributions. The populations given in Table. 1. The correlation 

coefficients between study and auxiliary variables for each stratum taken as 𝜌𝑥𝑦1 = 0.5,  𝜌𝑥𝑦2 = 0.7, 𝜌𝑥𝑦3 = 0.9  

respectively. The quantities 𝑆1𝑥 = 4.5 , 𝑆2𝑥 = 6.2 , 𝑆3𝑥 = 8.4  and  𝑆1𝑦  , 𝑆2𝑦  , 𝑆3𝑦 = 4.8 were fixed in each stratum. All 

four population consist three strata having 1500 units. This process have been repeated 50000 time independently 

that is 500 samples of size 200, 300, 400 units have been drawn from each stratum from given population. The 

formula gives the MSE of Tracy’s estimator and the proposed estimator 

𝑀𝑆𝐸(𝑦̅𝑠𝑡 (𝛼)) =
∑ [𝑦̅𝑠𝑡 (𝛼) − 𝑌̅]

(50000)
𝑘=1

(50000)
, 𝛼 = 𝑦̅𝑠𝑡(𝑁𝑘) , 𝑦̅𝑠𝑡(𝑂) , 𝑦̅𝑠𝑡(𝑁)  

Table 1: Parameters and distributions of study and auxiliary variables 

 

 

 

 

 

 

 

Table 2: Properties of strata 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Populations  Parameters and distribution of 

the study Variable 

Parameters and distributions 

 of the auxiliary variable 

Population ℎ =
1,2,3 

𝑓(𝑦ℎ𝑖
∗ ) =

1

𝛤(1.5)
𝑦ℎ𝑖

∗1,5−1𝑒−𝑦ℎ𝑖
∗

 𝑓(𝑥ℎ𝑖
∗ ) =

1

𝛤(0.3)
𝑥ℎ𝑖

∗0,3−1𝑒−𝑥ℎ𝑖
∗

 

2. Population 

ℎ = 1,2,3 
𝑓(𝑦ℎ𝑖

∗ ) =
1

𝛤(0.3)
𝑦ℎ𝑖

∗0.3−1𝑒−𝑦ℎ𝑖
∗

 𝑓(𝑥ℎ𝑖
∗ ) =

1

√2𝜋
𝑒−

𝑥ℎ𝑖
∗2

2  

4. Population  

ℎ
= 1,2,3 

𝑓(𝑦ℎ𝑖
∗ ) =

1

√2𝜋
𝑒−

𝑦ℎ𝑖
∗2

2  𝑓(𝑥ℎ𝑖
∗ ) =

1

𝛤(0.3)
𝑥ℎ𝑖

∗0,3−1𝑒−𝑥ℎ𝑖
∗

 

Strata  Study variable Auxiliary variable 

Stratum 𝑦1𝑖 = 50 + 𝑦1𝑖
∗  

𝑥1𝑖 = 15 + √(1 − 𝜌𝑥𝑦1
2 )𝑥1𝑖

∗ + 𝜌𝑥𝑦1 (
𝑆1𝑥

𝑆1𝑦

) 𝑦1𝑖
∗  

Stratum  𝑦2𝑖 = 150 + 𝑦2𝑖
∗  

𝑥2𝑖 = 100 + √(1 − 𝜌𝑥𝑦2
2 )𝑥2𝑖

∗ + 𝜌𝑥𝑦2 (
𝑆2𝑥

𝑆2𝑦

) 𝑦2𝑖
∗  

Stratum  𝑦3𝑖 = 100 + 𝑦3𝑖
∗  

𝑥3𝑖 = 200 + √(1 − 𝜌𝑥𝑦3
2 )𝑥3𝑖

∗ + 𝜌𝑥𝑦3 (
𝑆3𝑥

𝑆3𝑦

) 𝑦3𝑖
∗  
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Table 3: The Mean square error (MSE) of different calibration estimators in Stratified Sampling design for artificial 

data. 

 

 

 

 

 

 

 

 

 

 

 

4.2 Simulation study with real data set 

The simulation study with real data was carried out to study the performance of the proposed calibration 

estimators. The population MU284 is taken from Appendix B of Sarndal et al. (2003, pp). We consider 246 units from 

that population after deleting extreme units. Stratification is done according to the REG variable and hence we have 

eight strata. The study variable 𝑦 was the population of the year 1985 (P85) and the auxiliary variable 𝑥 was the 

population of the year 1982 (CS82). A simulated study generating 50,000 samples is done using R-software. A 

simulated study generating 50,000 samples is done using R-software is worked out for stratified sampling. 

𝑴𝑺𝑬(𝒚̅𝒔𝒕(𝜶)) =
∑ (𝒚̅𝒔𝒕(𝜶) − 𝒀̅)𝟐(𝟓𝟎𝟎𝟎𝟎)

𝒌=𝟏

𝟓𝟎𝟎𝟎𝟎
,    𝜶 = 𝒚̅𝒔𝒕(𝑵𝒌), 𝒚̅𝒔𝒕(𝑶), 𝒚̅𝒔𝒕(𝑵) 

Table 4: The Mean square error (MSE) of different calibration estimators in Stratified Sampling design for 

real data. 

 

 

 

 

 

 

5. Result  

The mean square error of the proposed calibration estimators, which uses a new set of three constraints based on 

coefficient of variation and correlation of the auxiliary variable, is compared with other existing calibration 

estimators in stratified random sampling. The results are presented in Table 3 and Table 4 for both an artificially 

generated data set and a real data set.  

From Table 3 and Table 4 it is evident that the proposed calibration estimator  

𝑦̅𝑠𝑡(𝑁)  is better perform for the different situations of  𝑄𝑖 ′𝑠. This result is consistent for both populations.  

Populations Estimators 𝑸 = 𝟏 𝑸 = 𝟏/𝒄𝒙𝒉 𝑸 = 𝟏/𝝆𝒙𝒉 

 

I 

𝑦̅𝑠𝑡(𝑁𝑘) 410262.8 702012.8 303107.5 

𝑦̅𝑠𝑡(𝑂)  7379.371 47134.05 4739.451 

𝑦̅𝑠𝑡(𝑁)  2772.786 70.63716 292.2711 

 

II 

𝑦̅𝑠𝑡(𝑁𝑘) 372400.1 602499 305422.8 

𝑦̅𝑠𝑡(𝑂)  1513.792 27242.59 1167.385 

𝑦̅𝑠𝑡(𝑁)  30.45064 64.27899 258.4545 

 

III 

𝑦̅𝑠𝑡(𝑁𝑘) 308027.1 510899.9 229310.8 

𝑦̅𝑠𝑡(𝑂)  8388.492 49980.68 5282.875 

𝑦̅𝑠𝑡(𝑁)  1725.127 62.34677 304.0844 

Estimators 𝑄 = 1 𝑄 = 1/𝑐𝑥ℎ 𝑄 = 1/𝜌𝑥ℎ 

𝑦̅𝑠𝑡(𝑁𝑘) 8479640696 1671466679 3101296249 

𝑦̅𝑠𝑡(𝑂)  20653915317 9803309512 518125763579 

𝑦̅𝑠𝑡(𝑁) 190.488 13389.2 420720917 
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6. Conclusion  

In this chapter we have considered the calibration estimation in stratified sampling. A new calibration estimators are 

proposed under stratified random sampling incorporating new set of three constraints.  

To evaluate the performance of proposed estimators in comparison with other calibration estimators, a simulation 

study was conducted on two datasets. From this simulation study, we conclude that the proposed estimator is 

better perform than the other existing estimators for all conditions.  

Moreover, the empirical studies highlighted the efficiency of proposed approach, showing significant improvements 

over the methods developed by Koyuncu et al. (2015) and Ozqul (2018). 
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